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Focusing on relative stabilities of electronic states with different spin multiplicities of polyatomic 
molecules, a simplified unrestricted Hartree-Fock (SUHF) procedure is described. Using different 
orbitals for different spins (DODS), electron correlation effects of both closed-shell and open-shell 
systems are expected to be taken into account in the simplest way. While working within a symmet-
rically orthogonalized (Löwdin) basis we make use of the N D D O approximation (neglect of di-
atomic differential overlap) concerning the evaluation of electron repulsion and nuclear attraction 
integrals. Originally, a locally orthogonalized all-electron atomic orbital set of Slater type is consid-
ered. The approximation method is completely non-empirical. Rotational invariance is fully re-
tained. 

Keywords: Unrestricted Hartree-Fock theory; Symmetrically orthogonalized (Löwdin-)basis; 
Neglect of diatomic differential overlap; Atomic orbitals of Slater type. 

1. Introduction 

In order to establish a useful and conceptionally 
simple approximat ion for the determinat ion of elec-
t ronic state energies of medium-size polyatomic 
molecules, we take the s tandard Pople-Nesbet formu-
lation of unrestricted Hartree-Fock theory ( U H F ) [1] 
as start ing point. Unrestricted Slater de terminants in 
general do not represent pure spin states (i.e. singlets, 
doublets , triplets etc.) but contain con tamina t ions 
f rom configurat ions of other symmetries. Neverthe-
less, U H F theory leads to a better description of elec-
t ron correlation effects as compared to a cor respond-
ing Restricted Har t ree-Fock (RHF) solution [2], since 
the use of different orbitals for different spins ( D O D S ) 
enables the electrons to stay apar t f r o m one ano ther 
in different regions of space [3]. 

Hence, there is one principal difficulty inherent in 
Har t ree -Fock theory, sometimes called its symmetry 
dilemma [6]: 

• Restricted de terminants with well-defined spin 
symmetries lead to increased state energies. 

• Use of different orbitals for different spins, on the 
o ther hand , yields a better description of the elec-
t ronic correlat ion leading to lower state energies. 
The symmetry propert ies of the resulting determi-
nants , however, get lost in this case. 

Pople-Nesbet U H F theory will serve us as a testing 
me thod for some simplifying assumpt ions to be spec-
ified below - mainly for reasons of simplicity and 
generality [7]: 

• It can be regarded as the easiest way of accounting 
for par t of the electronic correlat ion. 

• It allows to deal with open-shell systems. 
• Moreover , whenever the number of unpaired elec-

t rons of a chemical system is small compared with 
its total number , electronic spin states tend to be 
representable by unrestricted determinants as well 
[8], 
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2. Basic Equations [4] 

Expanding the space-dependent unrestricted molec-
ular orbitals J/j(r) and ^ij/f (r) for a and ß spin, re-
spectively, as a linear combinat ion of N0 real atomic 
orbitals ({<j>j\j = 1,2, Na} localized at Na a tomic 
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<t> pa 4>s~.a 
Oct a ' (10) 

where Nx is the number of a electrons. If, for conve-
nience, we chose N x ^ N ß , then 

N = 
N.+. 

- and Nn= — 
+ 1 

centers Since we are interested in lowest Har t ree-Fock 
Na states with different spin multiplicities M [9], the 

V ; ( r ) = Z Z *CZj<j>ß(r-RM), j = 1 , 2 , . . . , Na (1) columns of the coefficient matrices have to be rear-
ranged according to the corresponding orbital ener-

(where r = (x, y, z), and RM is the posi t ion vector of gies in ascending order. Then, the density matrix for 
a tom M to which all orbitals with index p belong spin a is defined th rough 
(notat ion: peM); an equivalent formula holds for ß 
spin) one finally obtains f rom the unrestricted integro 
differential Har t ree-Fock equat ions [4] the Pople-Nes-
bet matrix equations of the form 

4>pa <t>Q* _ <t>Q* E« and <l>Fß<t>Qß = <t>S<t>QßEß (2) 

The orbital basis will be indicated by a left-side super-
script th roughout in this paper. E a and E^ are diago-
nal matrices containing the molecular orbital energies, 
^C and are the corresponding coefficient matrices. 
Considering real a tomic orbitals, elements of the over-
lap matrix ^S have the form 

% = f d r<l>ß(r-RM)h(r-RN), (3) 

M, N =\, 2 , . . . , Na, peM, veN. 

The Fock matrices ^F* and ^F^ consist of one par t ^H 
for the one-electron interactions and ano the r par t ^G* 
and ^G^, respectively, for the two-electron interac-
tions. F o r a spin: 

(11) 

Here, Ne indicates the total number of electrons [10]. 
Again, equivalent formulas hold for ß spin [11]. 

The total density matrix ^P' and the spin density 
matrix ^P s are defined as 

<t>pt _ 4>pa <t>pß 

__ <ppot <t>pß 

(12) 

(13) 

= ^ H + 

Since bo th kinds of Fock matrices *Fa and ^F" 
depend on both kinds of coefficient matrices *C" and 
^C^, the Pople-Nesbet matrix equat ions have to be 
solved iteratively by means of a self-consistent-field 

(4) 

Elements of the core-Hamiltonian matrix ^ H are composed of one kinetic energy term ^K and Na nuclear 
attraction terms </>V(^): 

(5) (A), 
A 

where (again for real a tomic orbitals) 

= - H dr (r- Rm) M M (r~RN)], 

't'VßM) = -2A\drct>ß{r-RM)\r-RA\-l^{r-RN), 

e 2 e 2 s 2 

with A(r) = ——=- -\ -r H - , the Laplacian opera tor in cartesian coordinates, and ZA, the a tomic number 
c b r ö y 7 d z z 

of nucleus A. 

M, N= 1,2,..., Na, peM; veN, (6) 

M, N, A = 1, 2 , . . . , Na, peM; veN, (7) 

The two-electron repulsion matrix e lements for a spin read 

Z ZXAh<t>J<t>M-XA<t>M<t>*<f>°)> M,N=l,2,...,Na, peM; veN, 
R,S eeR 

a eS 

(8) 

where the two-electron repulsion integrals over real a tomic orbitals are written using the chemists' (11|22) 
nota t ion: 

I<t>e <t>„) = j ] d r 1 d r 2 4>ß(r, -RM) </>v (r, - RN) \r, -r21" •1 (r2 -Rr)</>9(r2 - Rs), (9) 

M, N, R, S = l,2,..., Na, peM; veN; QeR;ceS. 
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procedure (SCF), starting f rom two initial guesses at 
the two sets of coefficient matrices or, equivalently, at 
the corresponding two sets of density matrices (10) 
[12]. 

F o r each iteration of the S C F procedure the Pople-
Nesbet equations have to be solved. This mainly in-
volves three steps: 

• The orthogonal izat ion of bo th kinds of Fock ma-
trices by means of a previously determined t rans-
format ion matrix. Using, for instance, the sym-
metrical (Löwdin) or thogonal izat ion [4] with the 
t ransformat ion matr ix having the proper ty 

(14) 

we get for the a-spin Fock matr ix of the symmetri-
cally (Löwdin-)or thogonal ized (A-)basis: 

(15) 

A n equivalent formula holds for ß spin. 
• The diagonalization of bo th kinds of or thogonal -

ized Fock matrices T a and by means of stan-
dard numerical algori thms [13, 14]. F o r a spin: 

(16) 

• The back- t ransformat ion of bo th kinds of o r tho-
normal coefficient matrices xCa and ^C^ obta ined in 
this way into the original non-or thogona l basis. 
F o r a spin: 

(17) 

Once the iterative process has converged due to a 
previously defined criterion [15], all impor tan t quan-
tities now can be calculated, namely the electronic 
energy 

X N0 

= - E *P!j ̂ Hj + *Pij + ^Ptj *Ffj (18) 
2 i.j 

and, by adding the classical nuclear repulsion <f n , the 
total energy 

r t = < f e + < ? n = < ? e + - z 
i z . z , 
2 A,B /?B| 

B*A 

(19) 

Atomic populations *q'm and atomic charges 
(M = 1, 2 , . . . , iVa) can be obtained f rom a Mulliken 
population analysis th rough 

V m = X T.'KjXP (20) 
H sM j 

4>qM = ZM-*Q'M, M = 1, 2 , . . . , iVa 

Finally, atomic spin densities *qs
m(M = 1 , 2 , N J 

can be obta ined in an analogous way by subst i tut ing 
X i in (20) by +P>ßj: 

N0 

M = 1, 2 , . . . , N a . (21) 
lieM j 

F r o m the definition (13) of the spin density matrices it 
is clear tha t ^qI , of an a tom M is positive whenever the 
spin density for a spin exceeds the ß-spin density. In 
the reversed case, is negative. 

3. Simplified Integral Evaluation 

Const ruc t ions of the Fock matrices AFa and 
may be simplified considerably if one applies the fol-
lowing integral simplification scheme (indicated by a 
superscript s) investigated in a previous paper [16]: 

(K K I W : = <5mn <5*s (0„ 0v \<t>e4>o) (22) 

M, N, R,S = 1, 2,..., Na, 
peM; veN; geR; ceS, 

and 

X M ) - = K s X A A ) , (23) 

M,N,A = 1, 2 , . . . , Na, peM; veN. 

Thus, we make use of the N D D O approximat ion 
(neglect of diatomic differential overlap) [16] concerning 
the evaluat ion of electron repulsion and nuclear at-
t ract ion integrals. Moreover , the surviving integrals of 
the symmetrically (Löwdin-)orthogonalized (/.-)basis 
are identified directly with those over locally orthogo-
nalized atomic orbitals (0-basis). 

The mos t appealing features of the proposed simpli-
cations are [16]: 

• The n u m b e r of a tomic orbital integrals to be evalu-
ated an d to be stored is drastically reduced. 

• Since all three-center and four-center integrals are 
neglected completely, the c o m m o n use of Gauss ian-
type basis funct ions is not obligatory. Atomic or-
bitals of Slater-type, which are expected to s tand 
for a favorable basis set in molecular orbital calcu-
lations, may be considered as well. 

Fur the rmore , the simplification scheme 

• is completely non-empirical, 
• retains the rotat ional invariance proper ty [16], and 
• is appropr ia t e for the U H F treatment of closed and 

open shell systems. 
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4. Simplified Unrestricted Hartree-Fock Procedure 
(SUHF) 

Referring to the integral simplification scheme 
summarized above, we are now in a position to sketch 
a conceptionally simple approximate U H F procedure 
as follows: 

We start with the Pople-Nesbet equat ions fo r a 
symmetrically (Löwdin-) orthogonalized basis set (cf. 
(16) ) : 

A F a ; . e = ; . e E a a n d - p * C ß = x C ß E ß , (24) 

where 
Na 

= ; H + ; G a = ; K + £ A V (A) + ; G a . (25) 
A 

Using (22), we obtain quite simple N D D O approx-
imated expressions for the real two-electron repulsion 
matr ix elements in the /.-basis. Distinguishing the two 
cases of one- and two-center interactions we get for a 
spin 

R E,(TEÄ 

- Z XMM<t>v<U (26) 

e,a e M 

M = 1 , 2 , N a , p,veM, 

(27) 
geM 
oeN 

M, N, = l,2,...,Na;M peM; veN. 

According to (23), elements of the nuclear repulsion 
matrices AV (A) will be identified with the correspond-
ing simplified integrals 

A V(X) : = AVS(/1). (28) 

The kinetic matr ix '•'K, on the other hand, has to be 
t ransformed accurately into the symmetrically o r tho-
gonalized basis 

(29) 

Formulas equivalent to (10), (12), and (13) also hold 
for the /-basis . Or thogonal iza t ions of the Fock ma-
trices (cf. (15)) and back- t ransformat ions of the coeffi-
cient matrices (according to (17)) are inapplicable, 
since f rom now on we will employ an or thogonal basis 
th roughout . 

Atomic popula t ions Vm > a tomic charges xqM, a n d 
a tomic spin densities xQs

m (Af = l , 2 , . . . , Na) in the 
symmetrically or thogonal basis can be obtained f r o m 

a Löwdin population analysis (cf. [4]) through 

V m = (30) 
peM 

lqM=ZM-XQT
M, M = \,2,..., Na 

M = \, 2,..., Na. (31) ß£ M 

5. Practical Considerations 

The compute r implementat ion of the simplified 
procedure now can be outlined as follows: There are 
only few input da ta defining the chemical system un-
der considera t ion: 

• The number Na of a toms, 
• the electric charge of the molecule (in a tomic units), 

and 
• the spin multiplicity Ji. 

For each a tom A we have to specify 

• the a tomic number ZA, 
• the cartesian coordinates xA, yA, and zA (in atomic 

units), and 
• the Slater orbi tal exponents {£,-[/= 1, 2 , . . . , N0] 

[19, 20], 
Single-zeta exponents are available either f rom 
Slater 's rules [19] or Burns ' rules [21] for any atomic 
g round state conf igura t ion defining the basis set. 
We prefer the optimized single-zeta sets of Clementi 
and Roetti [22] for the a tomic ground states of the 
elements with 2 rg Z ^ 54. 

The total number N0 of orbitals, and the total num-
ber Ne of electrons, as well as the nuclear repulsion 
energy $ n now can be easily calculated. Fur thermore , 
Na and Nß are defined th rough (11). 

Integral evaluat ion and or thogonal izat ion proce-
dures have been described elsewhere [16]. 

6. Estimation of Expense 

Consider ing a homonuclear molecule where each 
a tom contr ibutes n0 orbitals to the basis set (i.e. 
N0 = Na n0), we can try to estimate the computat ional 
expense of our simplified approach as follows: Pro-
vided tha t the integral determinat ion par t is the "com-
putational bottleneck" like in every Har t ree-Fock cal-
culat ion, for instance, we may simply count the 
number of integrals to be stored. Whenever symmetry 
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c o n s i d e r a t i o n s a re n o t t a k e n i n t o a c c o u n t , we will 
h a v e t o eva lua t e 

N2 n\ ove r l ap in teg ra l s , 
Nl n\ k inet ic e n e r g y integrals , 
Nj n\ n o n - v a n i s h i n g nuc lea r a t t r a c t i o n in tegrals , 

a n d 
N2 nl • n\ n o n - v a n i s h i n g repu l s ion in tegra ls . 

All t o g e t h e r we n e e d s to rage c a p a c i t y f o r a b o u t 
N 2 n l [3 + n l ] in tegra l s . T h e f a c t o r in b r a c k e t s m a y be 
r e g a r d e d as a m e a s u r e f o r the c o m p u t a t i o n a l expense 
c o m p a r e d t o a n e q u i v a l e n t a l l -e lec t ron mo lecu l a r o r -

b i ta l c a l cu l a t i on o f E x t e n d e d - H ü c k e l type , w h e r e on ly 
N* n l o v e r l a p in tegra l s h a v e t o be e v a l u a t e d . F o r ex-
a m p l e , w i th in a m i n i m a l bas i s set, n l e q u a l s 1, 25, o r 
225, f o r h y d r o g e n , s econd p e r i o d a t o m s , o r first r o w 
t r a n s i t i o n me ta l s , respect ively . 
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